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Abstract
In this paper we investigate two conjectures proposed in (Graphs Combin. 13 (1997) 305–
314). The 3rst one is uniquely totally colorable (UTC) conjecture which states: Empty graphs,
paths, and cycles of order 3k, k a natural number, are the only UTC graphs. We show that if G
is a UTC graph of order n, then 6 n=2+1, where  is the maximum degree of G. Also there
is another question about UTC graphs that appeared in (Graphs Combin. 13 (1997) 305–314)
as follows: If a graph G is UTC, is it true that in the proper total coloring of G, each color is
used for at least one vertex? We prove that if G is a UTC graph of order n and in the proper
total coloring of G, there exists a color which did not appear in any vertex of G, then G is a
-regular graph and n=266 n=2 + 1.
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1. Introduction
After Thomason’s description of uniquely edge colorable graphs with maximum de-
gree at least 4 (see [4]), the following two problems are quite natural:
(a) Describe the uniquely edge colorable graphs with maximum degree 3.
(b) Describe the uniquely totally colorable (UTC) graphs.
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The 3rst problem has attracted some attention. As for the second problem, it has
been conjectured that only non-trivial UTC graphs are paths Pk and cycles C3k for
some positive integer k and there are several results about this conjecture (see [1]).
In the present paper, we prove that the maximum degree of each UTC graph with n
vertices is at most n=2 + 1.
Throughout this paper our graphs are simple, 3nite, undirected. For the necessary
de3nitions and notation we refer the reader to [2]. Here, we mention some of the
de3nitions and results which are used throughout this paper.
Two elements of G, namely, those of V (G) ∪ E(G), are associated if they are two
adjacent vertices, or two adjacent edges, or one is a vertex and the other is an incident
edge. The minimum number of colors required to color the elements of a graph G
so that no two associated elements have the same color is called the total chromatic
number of G and is denoted by ′′(G). The total graph T (G) of a graph G is that graph
whose vertex set can be put in one-to-one correspondence with the set V (G) ∪ E(G)
such that two vertices of T (G) are adjacent if and only if the corresponding elements
of G are associated. It can be observed that ′′(G) = (T (G)), where (G) denotes
the vertex chromatic number of G.
A proper total coloring of G is a function c : V (G)∪ E(G)→ N such that any two
associated elements have diHerent colors. We denote the color of an element x of G
by c(x). We mention that the order of G, namely |V (G)|, will be denoted by n, while
its maximum degree will be denoted by (G) or simply by . A graph G is called
UTC if V (G) ∪ E(G) can be partitioned into ′′(G) color classes in exactly one way.
For example, cycles C3k , k a positive integer, are UTC; while if G is a disconnected
graph diHerent from Kn, or if G = Cn; n = 3k, then G is not UTC. Unless otherwise
stated, when we say two di1erent proper colorings of G, we mean two colorings in
which the colors are not permutations of each other. To prove our results we need
some theorems and state them without proof.
Theorem A (Chartrand and Geller [3]). If G is a uniquely vertex colorable graph,
then Gij, i = j, the induced subgraph of G over the vertices with colors i and j, is
connected, therefore it has at least |V (Gij)| − 1 edges.
The next theorem, conjectured by R.J. Wilson in 1967, was proved by Thomason in
1978 (see [4]).
Theorem B. For k¿ 4, the only uniquely k-edge colorable graphs are the stars, K1; k .
Two following results have been proved in [1].
Theorem C. Let a graph G with ¿ 2 be UTC. If in the proper total coloring of G
there exists a color which is not used for any vertex of G, then n6 2; moreover,
G is hamiltonian.
Theorem D. If a graph G = K2 is UTC, then ′′(G) = + 1.
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2. Results
As we mentioned before, there is a conjecture on the structure of UTC graphs as
follows:
Conjecture—UTCC [1]. Aside from empty graphs, paths, and cycles C3k , k a natural
number, there is no graph which is UTC.
We want to show that if the maximum degree of G is large enough, then UTCC
Conjecture is true. Before proving this result we need two lemmas.
Lemma 1. If G is a UTC graph of order n and there are at least two colors which
did not appear in the vertex coloring of G in its unique proper total coloring of G,
then = n=2 + 1 and G is -regular.
Proof. First we show that if there are three colors, say, 1; 2; 3, which did not appear
in the vertex coloring of G, then G is not UTC. If G has r vertices with color 4, we
add r new vertices to graph G and join each of them to exactly one of the vertices
with color 4. We color new edges with color 4. Consider the induced subgraph on the
edges with one of the colors of the set {1; 2; 3; 4}. This graph is 4-edge colorable and
since it is not a star, by Theorem B, it cannot be uniquely edge colorable and so G is
not UTC.
Thus, suppose that there are exactly two colors such as 1 and 2 which did not appear
in the vertex coloring of G in its unique proper total coloring of G. Since color 1 did
not appear in any vertex of G, thus in the proper total coloring of G, for any vertex
v∈V (G), there is an edge with color 1 which incident to v, since otherwise one can
change the color of vertex v with color 1 and obtain another proper total coloring.
Therefore, G contains a perfect matching in which all the edges are colored 1. Thus
|V (G)|=n=2m, and we have exactly m edges with colors 1. For any i = 1; 2, assume
that G1i is all elements with color 1 or i in the total coloring of G. By Theorem A,
the corresponding graph of G1i, in the total graph of G, is a connected graph and since
any two vertices with color i are not adjacent, we have at least m − 1 edges with
color i. This implies that the number of vertices with color i are at most two. Now
suppose that two colors, say colors 3 and 4 appear in the vertices exactly once. Add
a new vertex v to the graph G and join this vertex to the vertices with colors 3 and
4 and color-related edges with colors 3 and 4, respectively. Now consider the induced
subgraph on all edges with colors 1; 2; 3; 4. If we call this graph by H then we have
H is 4-edge colorable and according to Theorem B , since H is not star, H is not
uniquely edge colorable and this implies that G is not UTC.
If just color class 3 contains exactly one vertex, then since n is even, there is another
color class containing an odd number of vertices. But by the last paragraph this number
cannot be greater than two. Therefore, for any i = 1; 2, there are exactly two vertices
with color i and for any j = i each vertex with color i is adjacent to an edge with
color j. Obviously, in this case we have n=2(+1−2) which implies that =n=2+1
and G is a -regular graph.
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Lemma 2. If G is a UTC graph of order n, then there are at most three colors which
appeared in the vertex coloring of G at most once.
Proof. By contradiction suppose that there are four colors say {1; 2; 3; 4}, which
appeared in the vertex coloring of G at most once. In this case, we add a new vertex
v to G and join it to all vertices with the colors in the set {1; 2; 3; 4}. Let us color the
related edges with the colors 1; 2; 3; 4, respectively. If H denotes the induced subgraph
on the edges with one of the colors of the set {1; 2; 3; 4}, then we 3nd that ′(H) = 4
and so by Theorem B, G is not UTC.
Theorem 1. If G is a UTC graph of order n, then we have 6 n=2 + 1.
Proof. If there are at most two colors which appear in the vertex coloring of G at
most once, then n¿ 2(+1−2) and we are done. Hence by Lemma 2 we may assume
that there are three colors which appeared at most once in the vertex coloring of G. If
 = n=2+1, then by Lemma 1, the three color classes must contain at least two vertices
altogether. This yields that n¿ 2 + 2(+ 1− 3) and so we have, 6 n=2 + 1.
It is believed that in the unique proper total coloring of a UTC graph, each color
appeared in the vertex coloring. Indeed the following question was proposed in [1].
“If a graph G is UTC, is it true that in the proper total coloring of G, each color is
used for at least one vertex?”
In connection with the above question we have the following result.
Theorem 2. Let G be a UTC graph of order n. If in the unique proper total coloring
of G, there exists a color which has not appeared in any vertex of G, then G is a
-regular graph and n=266 n=2 + 1.
Proof. By Theorems 1 and C, we have n=266 n=2 + 1. Thus, it suNces to prove
that G is a -regular graph. If there are at least two colors which have not appeared
in the vertex coloring of G, then by Lemma 1, G is a (n=2 + 1)-regular graph. Thus
we can assume that there is exactly one color say 1, which has not appeared in the
vertex coloring of G.
Since G is UTC, by Lemma 2, there are at most two colors, say 2 and 3, which have
appeared in the vertex coloring of G, exactly once. Now consider all elements whose
colors are 2 or 3 and name these elements by G23. By Theorem A, the corresponding
subgraph of G23 in T (G) should be connected. This implies that the vertex with color 2
is incident to an edge with color 3 or the vertex with color 3 is incident to an edge with
color 2. Suppose that for any i = 1, G1i is all elements with colors 1 or i in G. Since by
Theorem A the corresponding subgraph of G1i in the total graph T (G) is connected, we
have at least m−1 edges with color i, where n=2m. Thus except for at most one vertex
say w, for any vertex v∈V (G) \ {w}, we have d(v)¿ (+ 1)− 1 = . This implies
that there are at least n−1=2m−1 vertices of degree . But we note that v∈V (G)d(v)
is even and so if d(w) =− 1, then we obtain that v∈V (G)d(v) = (2m− 1)+− 1,
which is an odd number a contradiction. Thus for any vertex v∈V (G), we 3nd that
d(v) =  and so G is a -regular graph and the proof is complete.
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Remark 1. Suppose that the color 1 has not appeared in the vertex coloring of G. Also
assume that the colors 2 and 3 appeared in the vertex coloring of G exactly once. In
this situation the vertices with colors 2 and 3 are adjacent, since otherwise, noting that
G23 in the total graph T (G) is connected, the vertex with color 2 is incident to an
edge with color 3 and the vertex with color 3 is incident to an edge with color 2. This
implies that |V (G)| is odd, a contradiction. Thus, two vertices with color 2 and 3 are
adjacent. This yields that Om = |E(G)| = (m − 1) + m(n = 2m), which implies that
= m= n=2.
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